Abstract. Assume that u; v : [a; b] ! R are monotonic nondecreasing on the interval [a; b] : We say that the complex-valued function h :
Introduction
One of the most important properties of the Riemann-Stieltjes integral cannot be replaced by a smaller quantity. See also [19] for a di¤erent proof and other details.
The best inequality one can derive from (1.4) is the trapezoid inequality (1.5)
Here the constant 1 2 is also best possible. For related results, see [11] - [15] , [17] - [20] , [24] - [25] , [29] - [32] , [34] , [40] , [41] , [43] - [45] and [53] - [55] .
In order to extend the classical Ostrowski's inequality for di¤erentiable functions with bounded derivatives to the larger class of functions of bounded variation, the author obtained in 1999 (see [21] or the RGMIA preprint version of [23] ) the following result (1.6) is best possible in (1.6). The best inequality one can obtain from (1.6) is the midpoint inequality, namely
for which the constant 1 2 is also sharp. For related results, see [1] - [11] , [16] - [17] , [21] , [23] , [25] - [27] , [31] , [35] - [39] , [42] , [46] - [52] and [56] - [59] .
Motivated by the above results, we establish in this paper a bound for the quantity
in the case when the integrand f is continuous while the function of bounded variation g is S-dominated by a pair of monotonic functions in the sense presented at the beginning of the next section. Applications for the trapezoidal and midpoint inequalities are given. New inequalities for some µ Cebyšev and (CBS)-type functionals are presented. Natural applications for continuous functions of selfadjoint and unitary operators on Hilbert spaces are provided as well.
Some General Inequalities
Assume that u; v : [a; b] ! R are monotonic nondecreasing on the interval [a; b] : We say that the complex-valued function h :
for any x; y 2 [a; b] :
We observe that by the monotonicity of the functions u and v and by the symmetry of the inequality (S) over x and y we can assume that (S) is satis…ed only for y > x with x; y 2 [a; b] :
We can give numerous examples of such functions. For instance, if we take f; g 2 L 2 [a; b] the Hilbert space of all complex-valued functions that are square-Lebesgue integrable and denote
then we observe that u and v are monotonic nondecreasing on [a; b] and by CauchyBunyakovsky-Schwarz integral inequality we have for any y > x with x; y 2 [a; b] that
Now, for p; q > 0 if we consider f (t) := t p and g (t) := t q for t 0; then
Taking into account the above comments we observe that the function h p;q is Sdominated by the pair (u p ; v q ) on any subinterval of [0; 1) : 
Proof. Consider a division of the interval [c; d] given by : c = x 0 < x 1 < ::: < x n 1 < x n = b:
for any i 2 f0; :::; n 1g : Summing this inequality over i from 0 to n 1 and utilizing the CauchyBunyakovsky-Schwarz discrete inequality we have
Taking the supremum over we deduce the desired result (2.1). 
Proof. Since the Riemann-Stieltjes integral R b a f (t) dh (t) exists, then for any sequence of partitions
with the norm v I
(n) n := max i2f0;:::;n 1g
as n ! 1; and for any intermediate points
i+1 ]; i 2 f0; : : : ; n 1g we have:
where for the last inequality we employed the Cauchy-Bunyakovsky-Schwarz weighted discrete inequality
where m k ; a k , b k 0 for k 2 f1; :::; ng :
Trapezoid and Midpoint Inequalities
We can use the inequality (2.3) to derive various inequalities of trapezoidal and midpoint type as follows.
Proof. Integrating by parts in the Riemann-Stieltjes integral, we have that
Applying the inequality (2.3) we have
Integrating by parts in the Riemann-Stieltjes integral we also have
and a similar relation for v: By the µ Cebyšev inequality for monotonic nondecreasing functions F; G that states that
and a similar result for v:
2) we deduce the desired result (3.1).
Proof. Integrating by parts on the Riemann-Stieltjes integral we have
Taking the modulus in (3.7) we have
Applying the inequality (2.3) twice, we have
Summing these inequalities and utilizing the elementary result
where ; ; ; 0; we have
Integrating by parts in the Riemann-Stieltjes integral we have
and the last integral is nonnegative as shown in the proof of Theorem 2. The same equality holds for v as well.
Utilising the Grüss integral inequality
that holds for the Lebesgue integrable functions F and G that satisfy the conditions m F (t) M and n G (t) N for almost every t 2 [a; b] ; we have
which implies that (3.12)
A similar result holds for v: Making use of the inequalities (3.8), (3.9) and (3.12) we deduce the desired result (3.6).
Applications for µ Cebyšev and (CBS)-Type Functionals
The following lemma is of interest in itself. 
Proof. Assume that x is …xed in 
On making use of the Cauchy-Bunyakovsky-Schwarz inequality for the RiemannStieltjes integral of monotonic nondecreasing integrators we have for the integrator u
and for the integrator v 
Proof. De…ne the function F :
We observe that, since p is nonnegative and f; g are synchronous, then F ( which is clearly equivalent with (4.9).
1;2
For the complex-valued functions p; f; g and h;`de…ned on the interval [a; b] we de…ne the following (CBS)-type functionals
If p is nonnegative and h is real-valued, then
which implies that
Also, if p is nonnegative and f; g are real-valued, then
The following result also holds. Proof. De…ne the function F :
We observe that, since p is nonnegative, then F ( jF (x; y)j du (y)
Utilising the inequality (4.1) we have
which is clearly equivalent with (4.13).
Applications for Selfadjoint Operators
We denote by B (H) the Banach algebra of all bounded linear operators on a complex Hilbert space (H; h ; i) : Let A 2 B (H) be selfadjoint and let ' be de…ned for all 2 R as follows
1; for 1 < s ; 0; for < s < +1:
Then for every 2 R the operator
is a projection which reduces A:
The properties of these projections are collected in the following fundamental result concerning the spectral representation of bounded selfadjoint operators in Hilbert spaces, see for instance [33, p. 256] :
Let A be a bonded selfadjoint operator on the Hilbert space H and let m = min f j 2 Sp (A) g =: min Sp (A) and M = max f j 2 Sp (A) g =: max Sp (A) : Then there exists a family of projections fE g 2R , called the spectral family of A; with the following properties: a) E E 0 for 0 ; b) E m 0 = 0; E M = I and E +0 = E for all 2 R; We have the representation
More generally, for every continuous complex-valued function ' de…ned on R and for every " > 0 there exists a > 0 such that
0 < m = 1 < ::: < n 1 < n = M;
where the integral is of Riemann-Stieltjes type. With the above assumptions for A; E and ' we have the representations
In particular,
Moreover, we have the equality
Utilising Theorem 1 we can prove easily the following Schwarz type inequality: hjf (A)j x; xi hjf (A)j y; yi for any x; y 2 H:
Proof. Let " > 0 and for …xed x; y 2 H de…ne the functions h; u; v : [m "; M ] ! C given by h (t) := hE t x; yi ; u (t) := hE t x; xi and v (t) := hE t y; yi where fE g 2R is the spectral family of the bounded selfadjoint operator A: For t; s 2 [m "; M ] with t > s by utilizing the Schwarz inequality for nonnegative operators P jhP x; yij 2 hP x; xi hP y; yi ; we have
which shows that h is S-dominated by the monotonic nondecreasing functions 
for any x; y 2 H:
Letting " ! 0+ in (5.11) and utilizing the representation of continuous functions of selfadjoint operators, we deduce the desired result (5.10).
For continuous functions p; f; g the selfadjoint operator A and x; y 2 H we de…ne the functionals
C (p; f; g; A; x) := C (p; f; g; A; x; x) (5.13)
and D (p; f; g; A; x; y) (5.14)
The following result holds: The proof is similar to the one from Proposition 2 by utilizing the integral inequality from Theorem 4. The details are omitted.
A simpler version of the above inequality (5.15) is as follows:
With the assumptions of Proposition 3 for A, f and g; then for any x; y 2 H with kxk = kyk = 1 we have for any x; y 2 H with kxk = kyk = 1:
Applications for Unitary Operators
Let (H; h ; i) be a complex Hilbert space. We recall that the bounded linear operator U : H ! H on the Hilbert space H is unitary i¤ U = U 1 : It is well known that (see for instance [33, Also, for every continuous complex-valued function f : C (0; 1) ! C on the complex unit circle C (0; 1), we have
where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities
for any x; y 2 H: hjf (U )j x; xi hjf (U )j y; yi for any x; y 2 H: for any x; y 2 H: Utilising the representation of continuous functions of unitary operators, we deduce the desired result (6.5).
For the complex-valued functions f; g de…ned on the complex unit circle C (0; 1) and the unitary operator U on the Hilbert space H we de…ne the following functionals: D (f; g; U; x; y) (6. for any x; y 2 H:
The proof follows by Theorem 5 applied for the functions f e it ; g e it ; p (t) = 1; h (t) := hE t x; yi ; u (t) := hE t x; xi and v (t) := hE t y; yi where fE g 2[0;2 ] is the spectral family of the unitary operator U and t 2 [0; 2 ] : The details are omitted.
